Results are presented of a numerical investigation of the strongly nonlinear bifurcation properties of an isothermal current sheet model which has previously been investigated in the weakly nonlinear regime by analytical methods.
A quite common feature occurring prior to the onset of eruptive events in cosmic and laboratory plasmas are current sheets. 1{5 In the presence of dissipation a current sheet can go tearing unstable 6 if the relevant wavelengths are admitted by the geometry, thereby conceivably igniting the activity. The amount of released energy depends on where the dynamical evolution saturates. Numerical studies of the time-dependent equations help to track down the evolution to the saturated state. 7 As a complementary approach, the nonlinear methods of bifurcation theory 8{10 applied to the equations of the steady states yield more complete information on these states, covering stable, metastable and unstable states. Bifurcation studies of this type have been carried out 11 for the stationary resistiveviscous MHD equations.
In this article we continue a bifurcation study 12 of a simpler isothermal current sheet model which goes back to work of Bennett, 13 P rsch, 14 and Harris 15 and which has been embedded into a formal statistical mechanics setting of translationally invariant plasma systems with temperature and species dependent velocity contacts. 16 Because of the latter constraints, a prescribed total current ows through the system. In the quasi-neutral and mean-eld approximation of a two-species system, 17 the basic model equation contains a single dimensionless control parameter, = 0 I 2 =4NkT, where I is the total current in the z direction, N is the number of particles of each species per unit length in the z direction and T is the plasma temperature, all these quantities being externally given using Syst eme Internationale units. Here, the magnetic induction B = rA ẑ has no component along the z direction. Measuring A in units of 4NkT=I, the basic equation of the model, 12;17 A + e 2A R d 2 xe 2A = 0
is a particular form of the more general Grad 18 -Shafranov 19 type, 20 here together with the subsidiary condition of prescribed total current I (manifested through the normalizing denominator). In Eq. (1), is the two-dimensional domain over which the problem is de ned.
Dirichlet boundary conditions for A on @ will be prescribed. Rigorous results about the existence and multiplicity, resp. nonexistence, of solutions of Eq. (1) (3) 1 ( ) = 2a tanh( b=2) (4) From Refs. 12 and 21, the following facts are known for this speci c problem: a) for < b=a 4 = 1 the sheet pinch is the only solution with nite energy, 21 which therefore minimizes the free energy functional globally. Presumably b=a = 4 , but the precise value is not known; cf. Ref. 21. b) for > 4 the sheet pinch remains locally stable up to a critical value 12 b=a = 4 coth( b=a). c) at = the sheet pinch becomes locally unstable to a symmetry breaking mode, and a corresponding doubly degenerate new solution branch bifurcates o the sheet pinch branch. 12 The solutions lying on this branch in the neighborhood of the bifurcation point have been calculated 12 by standard methods of bifurcation theory. The new branch bends towards values of smaller than ; hence, the solutions on this branch are unstable, corresponding to local saddle points of the free energy.
These results led to the following questions which we address in this paper: 1) What is the behavior of the bifurcating branch far from the bifurcation point? 2) Do secondary bifurcation points on the new branch exist, which lead to (locally) stable branches, such that the plasma could make a transition from the metastable sheet pinch to another metastable branch ? For instance, the locally backbending branch may be the beginning of an S-shaped branch.
The nonlinearity of the problem suggested a numerical investigation of these questions. We have used a method especially designed for the solution of bifurcation problems. 28 Details of the numerical implementation of the algorithm may be found elsewhere. 29 Starting the calculations on the bifurcating branch in the already known regime near the bifurcation point, we explored this branch beyond the region of practical applicability of perturbative bifurcation methods. 12;30 To check the range of reliability of the numerical method we performed additional calculations with a smaller numerical resolution. The calculations were stopped at the point where the relative deviation between the solutions of the two calculations became larger than 1 % of the absolute value. (1) for which all current is concentrated in a singular line current, a secondary bifurcation into a new stable state should therefore exist provided we admit distributional solutions. This bifurcation is at in nite magnetic energy, and the free energy of the new solution is ?1.
We veri ed our conjecture in a limiting geometry of our problem. We notice that the bifurcating branches seem to tend against the straight line = 4 as b=a increases. The branch corresponding to b=a = 0:85 already bifurcates at = 12:6874:::, very closely to the limiting value 4 = 12:5664:::. We therefore explored the limit b=a = 1 where is a strip of width a. To avoid trivial in nities of the magnetic energy we subtract the contribution from the asymptotically homogeneous B. For < 4 , the sheet pinch is the unique solution 21 with nite energy, hence globally stable. The complete branch which bifurcates o the sheet pinch at = 4 is given explicitly by the solutions of Stuart 32 and Schmid-Burgk, 33 A 2 (x; y; ) = ? ln fcosh(2 y=a) + sin (2 x=a)g 
with F A 3 ] = +1 for 2 < 4 , nite for = 4 , and ?1 for > 4 .
The behavior of the solutions on the numerically calculated branch for nite b=a is completely similar to the behavior of the Stuart{Schmid-Burgk (SSB) solution for increasing norm. On the basis of our results, we suppose that this branch will approach the SSB-branch in the limit b=a ! 1, and that the corresponding diagram for nite b=a, including the line current solutions, is a slight deformation of the limiting case b=a = 1; see Figure 1 .
Summarizing, we found that only the singular Green function solution is a stable secondary solution 34 beyond = 4 . This underscores the conjecture that in our model, between = 4 and = a collapse transition takes place between the metastable sheet pinch state and the singular state of the in mum of the free energy. This transition would be accompanied by the conversion of magnetic energy into heat. Information on the timescales of such a process is outside the scope of our model. However, investigations with di erent contact conditions (cf., Ref. 30) are planned. that branch. In principle it is conceivable but unlikely that a secondary stable branch is connected to such a higher order bifurcation. 
